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Abstract
In this paper, we study Lorentzian hypersurfaces in Minkowski 5-space with non-diagonalizable
shape operator whose characteristic polinomial is (t−k1)
2(t−k3)(t−k4) or (t−k1)
3(t−k4).
We proved that in these cases, a hypersurface is biharmonic if and only if it is minimal.
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1 Introduction
Let M be an n-dimensional submanifold of a semi-Euclidean space Ems and x : M → E
m
s an
isometric immersion. M is said to be biharmonic if x satisfies ∆2x = 0, or, equivalently, ∆ ~H =
λ ~H where ∆ and ~H are the Laplace operator and mean curvature vector of M , respectively.
Biharmonic hypersurfaces are studied by many geometers, after it is conjectured that every a
submanifold of a Euclidean space is minimal by Bang-Yen Chen (see [5, 6]).
Note that, there are some results on hypersurfaces of Euclidean spaces which provide affir-
mative partial solutions to Chen’s original biharmonic conjecture, [4, 9, 13, 14]. For example,
Yu Fu has studied biharmonic hypersurfaces in E5 with at most 3 principle curvatures and he
has proved that the conjecture is true for this case, [12].
On the other hand, in semi-Euclidean spaces, there are non-minimal (or non-maximal) bi-
harmonic submanifolds. In other words, Chen’s conjecture is not valid if the ambient space is
semi-Euclidean. For example, some non-minimal biharmonic surfaces in E41 and E
4
2 were ob-
tained in [7] and [8]. In particular, some results on biharmonic submanifolds of semi-Euclidean
spaces have been appeared recently, [1, 2, 3, 10, 11, 17]. For example, in [1] Arvanitoyeorgos et al.
proved that all biharmonic Lorentzian hypersurfaces in Minkowski 4-space are minimal. Futher,
they also proved that a biharmonic hypersurface in E4s has constant mean curvature in [2]. In
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addition, in [17], Papantoniou et al. proved that a nondegenerate biharmonic hypersurface with
index 2 in E42 is minimal.
In this work we study biharmonic Lorentzian hypersurfaces in Minkowski 5-space with non-
diagonalizable shape operator with at most 3 distinct eigenvalues. After we give basic definitions
and notation in Section 2, we obtain our main results in Section 3.
The hypersurfaces we are dealing with are smooth and connected unless otherwise stated.
2 Prelimineries
2.1 Basic notation, formulas and definitions
Let Ems denote the pseudo-Euclideanm-space with the canonical pseudo-Euclidean metric tensor
g of index s given by
g = −
s∑
i=1
dx2i +
m∑
j=s+1
dx2j ,
where (x1, x2, . . . , xm) is a rectangular coordinate system in E
m
s . A non-zero vector v ∈ Tp(E
m
s )
∼=
E
m
s is called space-like (resp. time-like or light-like) if 〈v, v〉 > 0 (resp. 〈v, v〉 < 0 or 〈v, v〉 = 0),
where Tp(E
m
s ) 〈 , 〉 denotes the indefinite inner product of E
m
s .
Consider an n-dimensional immersed semi-Riemannian submanifold Mnr of the space E
m
s .
We denote Levi-Civita connections of Ems and M by ∇˜ and ∇, respectively. Then, the Gauss
and Weingarten formulas are given, respectively, by
∇˜XY = ∇XY + h(X,Y ), (2.1)
∇˜Xζ = −Aξ(X) +∇
⊥
Xζ (2.2)
for all tangent vectors fields X, Y and normal vector fields ζ, where h, ∇⊥ and A are the second
fundamental form, the normal connection and the shape operator of M , respectively. Note that
shape operator and the second fundamental form are related by 〈h(X,Y ), ζ〉 = 〈AζX,Y 〉 .
The Gauss and Codazzi equations are given, respectively, by
〈R(X,Y, )Z,W 〉 = 〈h(Y,Z), h(X,W )〉 − 〈h(X,Z), h(Y,W )〉, (2.3)
(∇¯Xh)(Y,Z) = (∇¯Y h)(X,Z), (2.4)
where R is the curvature tensor associated with connection ∇ and ∇¯h is defined by
(∇¯Xh)(Y,Z) = ∇
⊥
Xh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ).
2.2 Lorentzian hypersurfaces in E51
Let M be an oriented Lorentzian hypersurface in E51 with non-diagonalizable shape operator S
with at most 3 distinct eigenvalues. It is well-known that the matrix represantation of S with
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respect to a pseudo-orthonormal appropriate frame field {e1, e2, e3, e4} is in one of the following
two forms.
Case I. S =


k1 1 0 0
0 k1 0 0
0 0 k3 0
0 0 0 k4

 , Case II. S =


k1 0 0 0
0 k1 1 0
−1 0 k1 0
0 0 0 k4

 (2.5)
for some smooth functions k1, k3 and k4, (see [15, 16]). With the abuse of terminology, we call
these vector fields e1, e2, e3, e4 as principal directions and the function s1 = trS as the (first)
mean curvature of M . Note that M is said to be (1-) minimal if and only if s1 = 0.
Note that for a pseudo-orthonormal frame field {e1, e2, e3, e4} satisfying
〈eA, eB〉 = 1− δAB , 〈eA, ea〉 = 0, 〈ea, eb〉 = δab
for all A,B = 1, 2, a, b = 3, 4, the induced connection ∇ of M becomes
∇eie1 = φie1 + ω13(ei)e3 + ω14(ei)e4, (2.6a)
∇eie2 = −φie2 + ω23(ei)e3 + ω24(ei)e4, (2.6b)
∇eie3 = ω23(ei)e1 + ω13(ei)e2 + ω34(ei)e4, (2.6c)
∇eie4 = ω24(ei)e1 + ω14(ei)e2 − ω34(ei)e3, (2.6d)
where φi = φ(ei) = 〈∇eie2, e1〉 and ωjk(ei) = 〈∇eiej , ek〉, i.e., φ = −ω12. Laplace operator ∆ is
∆ = e1e2 + e2e1 − e3e3 − e4e4 −∇e1e2 −∇e2e1 +∇e3e3 +∇e4e4.
From [15, p. 165], we see that M is biharmonic if and only if
S(∇s1) +
s1
2
∇s1 = 0, (2.7a)
∆s1 + s1trS
2 = 0. (2.7b)
Note that if (2.7a) is satisfied, then M is said to be an H-hypresurface, [13] or a bi-conservative
hypersurface, [11]. Moreover, we call (2.7b) as biharmonic equation.
3 Biharmonic Lorentzian hypersurfaces
In this section we focus on Lorentzian hypersurfaces with the shape operator given in case I and
case II of (2.5) seperately.
3.1 Case I
We consider the case I in (2.5), i.e., the shape operator is
Se1 = k1e1, Se2 = e1 + k1e2, Se3 = k3e3, Se4 = k4e4 (3.1)
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with the characteristic polinomial (k−k1)
2(k−k3)(k−k4). In this case we have s1 = 2k1+k3+k4
and trS2 = 2k21 + k
2
3 + k
2
4. We also assume that the functions k1 − k3, k1 − k4 and k3 − k4 does
not vanish on M .
Now, assume that M is biharmonic. If s1 is constant then (2.7a) implies s1 = 0, i.e., M is
minimal, [1]. Thus, we assume ∇s1 is non-vanishing on M . Then, (2.7a) implies that ∇s1 is not
only a principal direction but also an eigenvector of S. Thus, without loss of generality, we may
assume either e4 =
∇s1
‖∇s1‖
or e1 =
∇s1
‖∇s1‖
. If e1 =
∇s1
‖∇s1‖
, then we have e2(s1) = e3(s1) = e4(s1) =
0. Moreover, Codazzi equation (2.4) for X = e1, Y = Z = e2 gives e1(s1) = 0 which implies s1
is constant which yields a contradiction. Hence, we have
e4 =
∇s1
‖∇s1‖
, k4 = −
s1
2
, 2k1 + k3 =
3
2
s1 (3.2a)
which imply
e4(k4) 6= 0, eA(k4) = 0, A = 1, 2, 3. (3.2b)
On the other hand, biharmonic equation (2.7b) becomes
e4e4(k4) + (ω24(e1) + ω14(e2)− ω34(e3)) e4(k4) = k4(2k
2
1 + k
2
3 + k
2
4). (3.3)
From (3.1) we see that the only non-zero terms of second fundamental form of M are
h(e1, e2) = −k1N, h(e2, e2) = −N, h(e3, e3) = k3N, h(e4, e4) = k4N, (3.4)
where N is unit the normal vector field associated with the orientation of M .
We apply the Codazzi equation (2.4) for X = ei, Y = ej and Z = ek for each triplet (i,
j, k) in the set {(1, 4, 4), (2, 4, 4), (3, 4, 4), (4, 3, 3), (2, 1, 1), (1, 3, 3), (3, 1, 2), (1, 3, 2), (3, 1, 1)} and
combine equations obtained with (3.2), (3.4) to get
ωA4(e4) = 0, A = 1, 2, 3, (3.5a)
e4(k3) = ω34(e3)(k3 − k4), (3.5b)
e1(k1) = e1(k3) = 0, (3.5c)
ω13(e1) = ω13(e3) = 0, (3.5d)
ω23(e1) = ω13(e2) =
e3(k1)
k3 − k1
. (3.5e)
Note that for a tangent vector field X on M , 〈X, e4〉 = 0 if and only if Xk4 = 0. Thus, we
have 〈[e1, e2], e4〉 = 0 which implies
ω24(e1) = ω14(e2) (3.6a)
Moreover, by computing Codazzi equation (2.4) for X = e1, Y = e2 and Z = e4 and for X = e1,
Y = e4, Z = e2 we obtain
e4(k1) = ω24(e1)(k4 − k1), (3.6b)
ω14(e1) = 0. (3.6c)
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Similarly, we have 〈[e1, e3], e4〉 = 〈[e2, e3], e4〉 = 0. By combaining these equations with (2.4), we
obtain
ω34(e1) = ω14(e3) = ω13(e4) = 0, (3.7a)
ω34(e2) = ω24(e3) = ω23(e4) = 0. (3.7b)
On the other hand, because of (3.2b), we have [eA, e4](k4) = eAe4(k4). We compute the left
hand side of this equation by using (3.2b) and (3.5a) and obtain
eAe4(k4) = eAe4e4(k4) = 0. (3.8)
Now, we want to show
e3(k1) = e3(k3) = 0. (3.9)
By combaining (3.6a), (3.6b) and (3.5e) with the Gauss equation R(e3, e2, e4, e1) = 0, we obtain
e3(ω14(e2)) =
e3(k1)
k1 − k3
(ω14(e2) + ω34(e3)) (3.10)
From which and (3.6b) we have
e3e4(k1) =
e3(k1)
k1 − k3
(ω14(e2)(k3 + k4 − 2k1) + ω34(e3)(k4 − k1)) . (3.11)
Note that (3.5b) implies
e3(ω34(e3)) = e3
(
e4(k3)
k3 − k4
)
.
By taking into account e3(2k1 + k3) = 0, we use (3.11) to compute the right-hand side of the
above equation and we get
e3(ω34(e3)) =
2(k3 + k4 − 2k1)e3(k1)
(k3 − k4)(k3 − k1)
(ω14(e2) + ω34(e3)) . (3.12)
On the other hand, by applying e3 to (3.3) and using (3.8) we have
e3 (ω24(e1) + ω14(e2)− ω34(e3)) e4(k4) = k4e3(2k
2
1 + k
2
3) (3.13)
By combaining (3.10), (3.12) and (3.13), we obtain
e3(k1)
(k3 − k4)
(ω14(e2) + ω34(e3)) e4(k4) = e3(k1)(k1 − k3)k4. (3.14)
which gives
ω14(e2) + ω34(e3)
(k3 − k4)(k1 − k3)
=
k4
e4(k4)
. (3.15)
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on the open subset O = {m ∈ M |e3(k1)|m 6= 0} of M . By applying e3 to this equation and
using (3.10), (3.12) we get k1 = k3 on O which is a contradiction unless O is not empty. Hence,
we have proved (3.9). Therefore, (3.5e), (3.10) give
ω23(e1) = ω13(e2) = 0. (3.16)
By a similar way, we obtained
e2(k1) = e2(k3) = 0. (3.17)
Moreover, by combaining this equation with Codazzi equation (2.4) for X = e2, Y = e3 and
Z = e3 we get
ω23(e3) = 0. (3.18)
By summing up the equations obtained sofar and using Gauss equation (2.3), we obtain the
following lemma.
Lemma 3.1. Let M be a Lorentzian hypersurface in E51 with the shape operator given by (3.1).
Then the funnctions ξ = ω14(e2) and η = ω34(e3) satisfy
e4(ξ) = −ξ
2 − k1k4, (3.19a)
e4(η) = η
2 + k3k4, (3.19b)
ξη = k1k3. (3.19c)
Now, we are ready to prove the following classification theorem
Theorem 3.2. Let M be a Lorentzian hypersurface in E51 with the shape operator given by (3.1).
Then M is biharmonic if and only if it is minimal.
Proof. First, we want to prove the necessary condition. Let M be a non-minimal biharmonic
hypersurface. Note that if M has constant mean curvature, then biharmonic equation (3.3)
implies s1 = 0. Thus, we have k1 = −s1/2 is non-constant. Because of Lemma 3.1, (3.19) is
satisfied.
By combaining (3.19a) and (3.19b) with (3.5b) and (3.6b) we obtain
e4e4(k1) = ξe4(k4) + (k1 − k4)
(
k1k4 + 2ξ
2
)
,
e4e4(k3) = −ηe4(k4) + (k3 − k4)
(
k3k4 + 2η
2
)
from which and (3.2a) we get
e4e4(k4) =
1
3
e4(k4)(η − 2ξ) +
1
3
(
− (k3 − k4)
(
k3k4 + 2η
2
)
− 2 (k1 − k4)
(
k1k4 + 2ξ
2
))
. (3.20)
From (3.5b), (3.6b) and (3.2a) we also have
3e4(k4) = −2 (k4 − k1) ξ − (k3 − k4) η. (3.21)
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By combaining (3.2a) and (3.20) with biharmonic equation (3.3), we get
e4(k4)(2η − ξ) = 2k4
(
12k21 + 21k1k4 + 10k
2
4
)
. (3.22)
By applying e4 on this equation and using (3.19), (3.21) and (3.22), we obtain
3 (k1 + k4) (5k1 + 11k4) e4(k4) =
(
30k34 + 54k1k
2
4 + 30k
2
1k4
)
η −
(
56k34 + 72k1k
2
4 + 15k
2
1k4
)
ξ.
(3.23)
By combaining (3.21)-(3.24) we get
(2k1 + 4k4) η
2 + (k4 − k1) ξ
2 = 18k34 + 58k1k
2
4 + 38k
2
1k4, (3.24)(
20k31 + 44k
2
1k4 + 64k1k
2
4 + 28k
3
4
)
η +
(
20k31 + 74k
2
1k4 + 124k1k
2
4 + 68k
3
4
)
ξ = 0. (3.25)
Next, by using (3.19c), we eleminate ξ and η from these equations and obtain k1 = ak4 for a
constant a satisfying the nineth degree polynomial
100a9−210a8−4306a7−19687a6−49256a5−79972a4−86866a3−60384a2−24178a−42840 = 0.
From (3.2a) we also have k3 = (−2a− 3)k4. Therefore, (3.5b), (3.6b) and (3.19) imply
e4(k4) =
2a+4
2a+3ηk4, e4(k4) =
(1−a)
a
ξk4, (3.26)
e4(η) = η
2 + (−2a− 3)k24 , e4(ξ) = −ξ
2 − ak24 , ξη = (−2a− 3)ak
2
4 . (3.27)
A direct calculation shows that these equations imply a = −1 in which case we have k1 = k3.
However, this is a contradiction. Hence, we proved the necessary condition of the theorem.
The converse is obvious.
3.2 Case II
Now, we consider the case III in (2.5), i.e., the shape operator is
Se1 = k1e1 − e3, Se2 = k1e2, Se3 = e2 + k1e3, Se4 = k4e4 (3.28)
with the characteristic polinomial (k − k1)
3(k − k4). In this case we have s1 = 3k1 + k4 and
trS2 = 3k21 + k
2
4.
Now, assume thatM is non-minimal and biharmonic. By the similar reasons to the case II we
considered in the previous chapter, we assume that ∇s1 is non-vanishing onM and proportional
to the principal direction e4 with k4 = −s1/2. Therefore, we have
e4 =
∇s1
‖∇s1‖
, k4 = −κ, k1 = κ (3.29a)
for a function κ which imply
e4(κ) 6= 0, eA(κ) = 0, A = 1, 2, 3. (3.29b)
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We also put ω24(e1) = τ1, ω14(e2) = τ2 and −ω34(e3) = τ3 and biharmonic equation (2.7b)
becomes
e4e4(κ) + (τ1 + τ2 + τ3) e4(κ) = 4κ
3. (3.30)
Note that, 〈X, e4〉 = 0 if and only if Xκ = 0. Therefore, (3.29b) implies
ωA4(eB) = ωB4(eA), A,B = 1, 2, 3 (3.31)
which implies
τ1 = τ2 = τ (3.32)
for a function τ .
We apply the Codazzi equation (2.4) for X = ei, Y = ej and Z = ek for each triplet (i, j, k)
in the set {(1, 4, 4), (2, 4, 4), (3, 4, 4), (1, 1, 4), (2, 2, 4), (3, 3, 4), (1, 2, 4), (1, 3, 4), (1, 2, 2), (1, 2, 3)}
and combine equations obtained with (3.29b) and (3.31) to get
ω14(e4) = φ2 = 0 (3.33a)
ω23(e2) = ω23(e3) = ω23(e4) = 0, (3.33b)
ω24(e2) = ω24(e3) = ω24(e4) = 0, (3.33c)
ω34(e2) = ω34(e4) = 0. (3.33d)
Moreover, by combaining (3.33) with Codazzi equation (2.4) for X = e1, Y = e2, Z = e4, for
X = e1, Y = e3, Z = e4 and Gauss equation (2.3) for X = Z = e4, Y =W = e3 we obtain
τ3 = τ, (3.34a)
e4(κ) = −2κτ, (3.34b)
e4(τ) = κ
2 − τ2. (3.34c)
By combaining (3.32) and (3.34) with (3.30) we obtain κ = 0. Hence, we have proved
Theorem 3.3. Let M be a Lorentzian hypersurface in E51 with the shape operator given by
(3.28). Then M is biharmonic if and only if it is minimal.
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